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Abstract 

The study derives a hidden Markov model (HMM) in order to describe the occurrence process of daily 

rainfall. The amount of monthly rainfall on wet days is obtained using auto-regressive moving average 

(ARIMA) models because the model is linear, since the future values are constrained to be linear functions 

of past data. Monthly rainfall data from 1995 to 2015 were taken from the Kamuzu International Airport 

(KIA) Meteorology station in order to assess the model performance. The selected model corresponds to 

the ARIMA (1,0,1) (2,0,1)12, and was validated by another historical rainfall data under the same 

conditions. The results obtained prove that the model could be used to model and forecast the future rainfall 

variability in Malawi. The steady state matrix from hidden Markov model (HMM) shows likelihood that 

rainfall pattern at Kamuzu International Airport (KIA) would follow the pattern of the given probabilities 

(0.396 0.604) which implies that the probability that it would rain on a particular day in future at KIA is 

0.369 and the probability that it would be dry on a particular day is 0.604. As such, the study suggests the 

rainfall weather derivative as a solution to mitigate poor yield due to erratic rainfall. Therefore, the study 

suggests buying basket options. The utility indifference approach is used to derive the buyer’s and seller’s 

prices. Reasonably, the indifference approach starts with an interesting idea that the amount of money at 

which a possible buyer of a claim is indifferent in terms of expected utility between buying and selling 

creates an upper or lower limit for the contract price.  

 

Keywords: Hidden Markov model, Incomplete market, utility indifference, Hedging, Crop insurance, 

Weather derivatives, ARIMA 

Introduction 

Malawi’s agricultural sector is widespread and largely rain-fed. The agricultural land is measured at 

5,580,000 hectares, whilst the irrigated area is 29,000 hectares. This, therefore, testifies to how Malawi is 

dependent on rainfall. Ngongondo et al. (2011) cite late onset of rains, erratic rainfall, long-lasting dry 

spells, and floods as the major weather hazards that affect rain-fed agriculture. In Malawi, the seasonal 

rainfall depends primarily on two factors, which include: the position of the Intertropical Convergence 

Zone, (ITCZ), and the Indian Ocean Sea Surface Temperatures (Lazenby & Todd, 2023). These systems 

differ in their timing and intensity every year. The main rains are experienced mainly from November in 

the South and progressively spreading to central and northern areas. Meteorologically, the normal growing 

season is defined as from November to April (Ngongondo et al., 2011). This puts Malawi in a vulnerable 

position, being a densely populated low-income country in sub-Saharan Africa, which depends on only one 

rainy season and therefore only one major harvest per year. It is in this vein that crop insurance is one of 

several promising interventions for overcoming the negative impacts of climate risk on households’ 

livelihoods (Mahul & Stutley, 2010). Crop insurance covers the risks of expected loss in yield of various 

crops. However, poor financial performance, with claims and administrative costs exceeding premiums, 

for example, unsuitable pricing, uncontrolled moral hazard, and adverse selection, are among the key 

problems underlying crop insurance programs worldwide, in both developed and developing countries.  

 

Consequently, a weather derivative is a new class of weather insurance that has been a promising field of 

research to cope with weather risks in agricultural production. It is a financial contract with its income 

depending on the evolution of an underlying meteorological index. Examples of underlying indices include 

temperature, humidity, precipitation, wind, and so on. Under crop insurance, payouts are based on a client’s 

loss, whilst with index-based insurance, payouts occur when an index falls below a predetermined threshold 

(Mensah et al., 202). This means that farmers can receive payouts without verifying the losses. Previously, 

the requirement for verification of loss limited the feasibility of traditional indemnity insurance. The 

objective nature of the pay-out also means the index-based insurance is more resilient to moral hazard, with 

the pay-out no longer dependent on the crop, and farmers remain incentivized to ensure its success in 

difficult conditions (Mensah et al., 202). Skees (2000) also observed that the weather derivatives have 

received considerable attention in the literature as potential risk management instruments for agricultural 
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production. As such, farmers may buy a weather derivative to hedge against poor yields caused by too 

much or too little rainfall, sudden temperature changes, or destructive winds (Carmona, 2008). 

 

However, it is difficult to price weather derivatives, due to the incompleteness of weather derivative 

markets, because weather indices are non-tradable (Li et al., 2020). Additionally, a lack of reliable weather 

data in sub-Saharan regions may limit the ability of an insurer to set an appropriate threshold for an index-

based policy (Li et al., 2020). It is possible for a farmer to experience crop failure despite the threshold for 

payout not being exceeded (Mensah et al., 2027). This study deal with rainfall as the underlying asset, and 

there are several challenges in modelling it. Firstly, challenges are associated with the data quality, 

availability, and the spatial-temporal resolution of rainfall data. Secondly, model accuracy involves the 

evaluation of the accuracy and reliability of different rainfall models in diverse geographical regions and 

climatic conditions. However, recent advancements such as the integration of machine learning techniques 

with traditional models, ensemble forecasting, and big data analytics have been explored (Hussein et al., 

2020). Many researchers have also used the hidden Markov model (HMM) to describe the occurrence of 

rainfall. However, their HMMs could not directly model the seasonal pattern of rainfall. As such, this study 

derives the seasonal hidden Markov model (SHMM) that would account for seasonal rainfall whilst taking 

into account the factors such as ITCZ, tropical cyclones, and Congo Air mass, which affect the seasonal 

pattern of rainfall in Malawi as unobserved states, while the dry state, heavy rainy state, and moderate rainy 

state as observable states. Later, the study prices the rainfall weather derivatives using the utility indifferent 

pricing approach. It is built upon the investors’ preference towards risks that cannot be eliminated because 

of market incompetence, commonly applied in pricing the traditional financial derivative market. 

 

Materials And Methods 

 

Mathematical model (Hidden Markov model) 

Let K and d be positive integers. The hidden Markov model is described as M(K,d) such that d = 

0,1,2,3,.....n days and K for hidden states. Let (Xt)t≥1 be a first order homogeneous Markov chain with state 

space (hidden states) X = {1,2,....,,K} which include; ITCZ, Congo air mass, tropical cyclones and increase 

in average daily temperature. Let π be the initial (Yt)t≥1 are Y-valued random variables that are independent 

conditionally on (Xt)t≥1 and such that for all j ≥ 1, the conditional distribution of Yj given (Xt)t≥1 only depends 

on Xj, such that it is zero if day t is "dry" and 1 if day t is rainy. so the observation probability P[Yt|Xt = k] 

and transition probability (moving from one state to another state) π = P(Xt|Xt−1). We can get the joint 

probability (probability of all the states from time t = 1 to T −1 and probability of the observations given 

the states from time t′ = 1 to T); 

                                       𝑝(𝑋, 𝑌) = 𝑝(𝑋1)Π𝑡=1
𝑇−1𝑃(𝑋𝑡+1|𝑋𝑡)Π𝑡 ,=1

𝑇 𝑝(𝑌𝑡′|𝑋𝑡′)                            (1) 

We would now want to infer the hidden state, that is probability in hidden state given all observations, 

p(X|Y ) which would be written as p(Xt|Y ) which are defined as αt(Xt) = p(Xt,Y1,.......,Yt) ( joint probabilities 

between the current state xt up until this time ).  

We may also compute future probability as βt(Xt) = p(Yt+1,......,YT |Xt), which means the probabilities of 

future observation given the current state. Combining βt(Xt) and αt(Xt), we obtained; 

αt(Xt)βt(Xt) = p(Xt,Y1,.......,Yt)p(Yt+1,......,YT |Xt). 

(2) 

= p(Xt,Y ). 

Normalising the equation (2) to get conditional probabilities; 

αt(Xt)βt(Xt) = p(Xt,Y ) ∝ p(Xt|Y )                      (3) 

 

This means the probability of current state and all the observations is directly proportional to the probability 

of the current state given all the observations. 

Now our goal is on how to compute parameters αt and βt, this would be achieved by using forward inference. 

Since αt(Xt) = p(Xt,Y1,.......,Yt) initializing we have  
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p(X1,Y1) = p(X1)p(Y1|X1) = α1(X1). 

we have 

p(X2,Y1,Y2) = Σx1p(X1,Y1)p(X2|X1)p(Y2|X2) 

           = α2(X2) (4) 

      = Σx1α1(X1)p(X2|X1)p(Y2|X2). 

In general, the joint probabilities for the next time step state and all the evidences including the next time 

step would be written as the following expression; 

p(Xt+1,Y1,.....,Yt+1) = α t+1(Xt+1) 

(5) 

 =Σx t αt (Xt)p(X t+1|Xt)p(Yt+1|Xt+1). 

Now we want to compute the parameter βt using the back inference βt(Xt) = p(Yt+1,......,YT |Xt) this refers to 

the probability of the future evidence. Hence, we can re-write it as 

p({}|XT ) = 1 = βT (XT ) 

We also have that 

       𝑝(𝑋𝑡|𝑌) =
𝛼𝑡(𝑋𝑡)𝛽𝑡(𝑋𝑡)

Σ
𝑥𝑡

′ 𝛼𝑡(𝑋𝑡
′)𝛽𝑡 (𝑋𝑡

′)
 

 

So, the probability of future evidence could be found as 

Βt-1(Xt-1) = p(Yt,.....,YT |Xt-1) 

 = Σxtp(Xt|Xt-1)p(Yt,.....,YT |Xt-1) (6) 

= Σxtp(Xt|Xt-1)p(Yt|Xt)p(Yt+1,.....YT |Xt). 

This yield 

Βt−1(Xt−1) = Σxt p(Xt|Xt−1)p(Yt|Xt)βt(Xt ) 

We can also compute the probability of current and next state given all the observations as; 

 

𝑝(𝑋𝑡 , 𝑋𝑡+1|𝑌) =
𝑝(𝑋𝑡 , 𝑋𝑡+1, 𝑌1, … . , 𝑌𝑡 , 𝑌𝑡+1, 𝑌𝑡+2, … . , 𝑌𝑇)

𝑝(𝑌)
 

     =
𝑝(𝑋𝑡,𝑌1,….,𝑌𝑡)𝑝(𝑋𝑡+1|𝑋𝑡)𝑝(𝑌𝑡+2, … . , 𝑌𝑇 |𝑋𝑡+1)𝑝(𝑌𝑡+1|𝑋𝑡+1)

Σ𝑋𝑇
𝑝(𝑋𝑡,𝑌)

             

(7) 

Therefore 

     𝑝(𝑋𝑡 , 𝑋𝑡+1|𝑌) =
α𝑡(𝑋𝑡)𝑝(𝑋𝑡+1|𝑋𝑡)β𝑡+1(𝑋𝑡+1)𝑝(𝑌𝑡+1|𝑋𝑡+1)

Σ𝑋𝑇
α𝑇(𝑋𝑇)

                

(8) 

This summarises the forward-backward inferences. In order to avoid underflow, we re-normalize (we avoid 

as much as we can for parameters to go to zero) at each time step. 

α𝑡̂(𝑋𝑡) =
α𝑡(𝑋𝑡)

Σ𝑋𝑡
′α𝑡(𝑋𝑡

′)
 

And 
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       β𝑡̂(𝑋𝑡) =
β𝑡(𝑋𝑡)

Σ
𝑋𝑡

′ β𝑡(𝑋𝑡
′)

 

So our observation model is given by 

p(Yt|Xt) 

 

. and Conditional transition matrix is given by 

P(Xt|Xt -1) 

 

Since X is hidden, we treat it as latent variable, therefore, we carry out the expectation maximization using 

Baum-Welch Algorithm. This algorithm estimates the parameters of HMM. It is the expectation-

maximization algorithm that re-estimates the hidden parameters by calculating forward, backward and 

posterior probabilities of sequences in each iteration.  We can compute p(Xt |Y ) and p(Xt, Xt+1|Y ) using 

forward- backward and we can also maximise weighted (expected) log-likelihood as 

     𝑝(𝑋1) ⟵
1

𝑇
Σ𝑡=1

𝑇 𝑝(𝑋𝑡|𝑌) 

 

or 

p(X1|Y ) 

the transition probabilities can be computed as 

      𝑝(𝑋𝑡+1
′ |𝑋𝑡

′) ⟵
Σ𝑡=1

𝑇−1𝑝(𝑋𝑡+1, 𝑋𝑡|𝑌)

Σ𝑡=1
𝑇−1𝑝(𝑋𝑡|𝑌)

 

 

The probability of Y given X can also be computed using multinomial models as 

 

      𝑝(𝑦|𝑥) ⟵
Σ𝑡=1

𝑇 𝑝(𝑋𝑡 = 𝑥|𝑌)/(𝑦𝑡=𝑦)

Σ
𝑡′=1
𝑇 𝑝(𝑥𝑡 = 𝑥|𝑌)

 

 

The second part of the model is to determine the intensity of rainfall. The study focuses on the statistical 

modelling. For time series analysis, the dependency precludes the use of traditional statistical tests. The 

important assumption for statistical testing which is the independence of the error in the data, could usually 

not be met. ARIMA models have proven especially useful within time series analysis because they provide 

a basic methodology to model the effects of dependency from the data series (Velicer & Fava, 2003) and 

allow valid statistical testing. The ARIMA models would account for various patterns, for example, linear 

or nonlinear trend, constant or varying volatility and seasonal or non-seasonal fluctuations. In short, 

ARIMA model deals with data that is complex, non-stationary, or has multiple patterns and features. 

Our ARIMA model given as 

Yt = c + ϵt + θ1yt−1 + β1yt−1. 

Where yt is the observable value, c is a constant, ϵt is an error function (white noise), β is the constant for 

auto-regressive model (order 1) and θ1 is a constant for moving average model (order 1). 

So adding another term for comparison for 12 months, we get 

 

yt = c + ϵt + θ1yt−1 + βyt−1 + β12yt−12. 

 

where β12 is constant for autoregressive model for 12 months. 

 

Data source  

 

The study used historical monthly rainfall data for 20 years covering the period from 1995 to 2015 collected 

from Chitedze Research Station in Lilongwe District and from the Department of Climate Change and 

Meteorological Services (DCCMS) in the Ministry of Natural Resources, Energy and Environment in 

Malawi. The main reasons for the choice of Lilongwe District are because of its dominance in cereal 

production with a humid sub-tropical climate (Msowoya et al., 2016) and highly population. Lilongwe 

District’s predominant soil type is sandy clay loam. Over the past decades, average maize yield per hectare 
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in Lilongwe have nearly equalled the national maize yields, making it suitable region for hedging against 

the effects of climate change on maize production (Msowoya et al., 2016).  

 

Pricing the rainfall weather derivatives 

 

In this study, we adopt the general method for pricing a derivative contract for the rainfall amount which 

is given as: 

     𝐹(𝑡; τ1, τ2) = 𝐸𝑄[𝐼(τ1, τ2)|𝑓𝑡] = 𝐸𝑄|∑ 𝑅𝑡
𝜏2
𝑡=𝜏1

|𝑓𝑡|                         

(12) 

where 𝐹(𝑡; τ1, τ2)represents a future contract priced at time point t for a contract period from time point τ1 

until time point τ2 which is the period of three months after rains start. For this, it does not have to be equal 

to τ1, because future are priced for a future date 𝐸𝑄[Σ𝑡=τ1

τ2 𝑅𝑡|𝑓𝑡] τ1𝑡𝑖𝑙𝑙 τ2 is the expected amount of rainfall 

given the prevailing amount of rainfall today. It should be noted that Q which is the risk-neutral measure 

does not have anything to do with the physical probability of occurrence of scenarios. Q is a probability 

measure on the set of scenarios, which is a bet on the occurrence of this event. The rainfall estimates I (τ1, 

τ2) are considered the expected price under the physical measure P , but are within the ‘risky’ world. Ω is 

the sample space, a set of all possible outcomes, f is a set of events, where each event is a set containing 

zero or more outcomes and P the assignment of probabilities to the functions. The study prices a contingent 

claim written on rainfall which is an underlying asset that is not traded but has great influence on agriculture 

products. We assumed that the option is static that could not be changed once the buyer and the seller agree 

on the prices. The option is held for the whole growing season duration regardless of the current weather 

data being experienced. We generalize the geometric Brownian motion price model by considering the 

coefficients µ and σ to depend on another process Y. The market model consists of a risky asset Y that is 

traded and presence of rainfall indexes on which a European option is written. The tradable asset has a 

price dynamic as follows: 

  

dYt = µ(Yt)dt + σ(Yt)dWt (13) 

 Y0 = y ∈ R (14) 

where Y = {Yt} is a continuous Markov process in Rn independent of the Wiener process W defined on a 

filtered probability space [Ω, ℑ, (ℑ)]0≤ t ≤T, P] where (ℑ) is σ- algebra (ℑt is the information available to us at 

time t) , and µ(Yt)and σ(Yt) are measurable functions. Such models are common in financial applications, 

that is regime switching models and stochastic volatility models. The relevant results for our purposes are 

stated in proposition 1 and followed by the corollary. 

Proposition 1 Suppose that there exists a constant K such that the following conditions are satisfied for all 

x,y and t 

 ∥µ(t,x1) − µ(t,x2)∥ ≤ K∥x1 − x2∥  (15) 

∥σ(t,x1) − σ(t,x2)∥ ≤ K∥x1 − x2∥      (16)  

∥µ(t,x) + σ(t,x)∥ ≤ K(1 + ∥x∥)      (17) 

then there exists a unique solution to Equations (13 and 14) that ℑw is adapted and a Markovian process. 

The contingent claim for indifference price 𝑊𝑇(Σ𝑡=𝜏1

𝜏2 𝑅𝑡) is constructed from three stochastic optimal 

control problems as follows: The first problem is where the agent maximizes the expected utility wealth 

without the contingent claim 𝑊𝑇(Σ𝑡=𝜏1

𝜏2 𝑅𝑡), commonly known as the classical Merton model of investment 

with the value function defined as 
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     𝑉(𝑥, 𝑡) =  𝑠𝑢𝑝 𝐸[−𝑒𝛾𝑋𝑇|𝑋𝑡 =  𝑥]     

  (18) 

where γ is the risk aversion of the agent representing his or her attitude towards the risk that cannot be 

eliminated and Xt = x is the initial wealth. Taking into account the contingent claim  𝑊𝑇(Σ𝑡=τ1

τ2 𝑅𝑡), we have 

the following value functions for the seller and the buyer, respectively, 

𝑉𝑠(𝑥, 𝑡) = 𝑠𝑢𝑝𝐸[−𝑒−γ[𝑋𝑇−𝑊𝑇]|𝑋𝑡 = 𝑥, Σ𝑡=τ1

τ2 𝑅𝑡]                              (19) 

 

 𝑉𝑏(𝑥, 𝑡) = 𝑠𝑢𝑝𝐸[−𝑒−γ[𝑋𝑇+𝑊𝑇]|𝑋𝑡 = 𝑥, Σ𝑡=τ1

τ2 𝑅𝑡] (20) 

Musiela & Zariphopoulou (2004) define the indifference price of the seller of the weather derivative as a 

function ps(x,t) such that the investor is indifferent towards the following two cases: optimizing the 

expected utility without employing the derivative, and optimizing it taking into account on the one hand 

the liability 𝑊𝑇(Σ𝑡=τ1

τ2 𝑅𝑡 , 𝑇) at expiration T and on thk6te other hand the compensation ps(x, t) at inscription 

t. Mathematically, 

V (x,t) = V s(x + Ps(x,t),t) 

and similarly, the buyer’s indifference price pb (x, t) satisfies 

(21) 

V (x,t) = V b(x − Pb(x, t),t) (22) 

Definition A process π in the form πt = a (t, X(t)) for measurable function. 

a: [0,T] × Rn → Rn 

is called Markovian. 

However, optimization of the value function in equations 15 - 18 to Markovian admissible controls leads 

to deriving the Hamilton-Jacobi-Bellman (HJB) equation. There is a vast array of literature on the 

specification of V and on the study of value functions in complete market settings. For value functions of 

problems in incomplete markets, like the optimization, martingale methods seem to produce limited results 

whilst the analysis via the HJB equation appears more appealing. Therefore, HJB equation for the classical 

Mertion problem value function V is given as; 

𝑉𝑡 + 𝑚𝑎𝑥𝜋 (𝜇𝜋𝑉𝑥 +
1

2
σ2π2𝑉𝑥𝑥) =  0 

 

V (x,T) = −e−γx 

Proposition 2: Without weather hedging, the optimal value function and control are 

    𝑉(𝑥, 𝑡) = 𝑒
{−γ𝑥+

1

2

μ2

σ2(𝑇−𝑡)}
 

                π∗ =
μ

σ2γ
 

Proposition 3: The seller’s utility indifference price is 

            𝑝𝑠 =
1

γ𝑠
 𝐼𝑛 (𝐸𝑃[𝑒𝛾𝑠𝑊𝑇(𝑅)|𝑋𝑡 = 𝑥, Στ=τ1

τ2 𝑅𝑡]) 

The utility indifference prices are clearly independent of initial wealth x and is nonlinear. 

 

Basket options for KIA 
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We consider defining rainfall defice, denoted as RD, as the number of millimetres by which the average 

rainfall Xt is below the base rainfall Xref based on the literature (Kimaro & Sibande, 2008) we take it as 

600mm, that is, 

 f(Xt) = (600 − Xt)+ (26) 

We define rainfall excess, denoted as RE, as the number of millimetres by which the average rainfall Xt is 

above the base rainfall Xref, that is, 

 f(Xt) = (Xt − 600) + (27) 

An investor can protect himself against low level of rains by taking a position on RD contracts and payoff 

will be calculated according to the (26). In case of higher levels of rain, an investor can protect himself by 

taking a position on RE contracts and the payment has a payoff defined according to the equation (27). 

Consequently, according to the forecast rainfall data, the investors must take position on both RD and RE 

contracts. The rainfall risk can be managed by buying RD or RE 278 (American, Asian or European) 

options, taking short or long positions. In this regard our rainfall options are defined as; 

 W (x,yT ,T) = tick × (K − yT )+, or W(x,yT ,T) = tick × (yT − K)+ (28) 

where yT is the value of RD or RE index at maturity, K is the strike level and where tick is a pre-agreed 

upon constant factor that determines the amount of payment per unit of weather index (that is per millimetre 

of the RE or RD). The grain producer is (partially) insured against revenue losses due to little precipitation 

in the growing season. However, we need to determine the premium based on the rainfall index which 

would determine the pay-off in case of erratic rains. Alaton et al., (2002) suggest the price of the premium 

that we adopt in the study is calculated from the expected payoff as; 

 c = (1 + R)𝑒−𝑟(𝑇−𝑆)𝑊𝑇  (29) 

where c is the premium that the hedgers (buyers) need to pay for contract, r is a risk- free periodic interest 

rate, S is the date that the contract is issued (purchased) and T is the date the contract is claimed or the 

expiration date. 

Results And Discussion 

 

4.1 Rainfall Occurrence by HMM     

The state matrix approaches the steady state matrix (0.396 0.604) regardless of initial state matrix values. 

From the steady state matrix (0.396 0.604), there is likelihood that rainfall pattern in KIA would follow the 

pattern of the given probabilities. 

𝑃 = [
0.713 0.287
0.188 0.812

]  

 

𝑃4 = [
0.4416908 0.5583092
0.3657217 0.6342783

] 

 

𝑃6 = [
0.408441 0.591559
0.387502 0.612498

] 
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𝑃12 = [
0.396 0.604
0.396 0.604

] 

 

Rainfall intensity  

 

The Figure 1 shows that there are harmonically fluctuations on the amount of precipitation for some years. 

Evidently, there has been a decline in the amount of rainfall for years 2012 to 2015. One of the contributing 

factors is the location of Malawi. Since Malawi is located between two regions of ENSO episodes, it is 

often not easy to predict the influences of ENSO on the climate of Malawi. The influence of ENSO events 

has a significant influence on the climate of Malawi. The lake also influences rainfall in areas along the 

lakeshore 

 

 

Figure 1: Monthly rainfall time series plot of KIA 

The Figure 2 shows the standardized values of rainfall for the rainy season of historical data. 

 

Figure 2: The Rainfall Anomaly Index for historical data from Kamuzu International Airport (KIA) in 

Lilongwe from 1995 – 2015 

In figure 2, the RAI ranges from ≥ 9.73(extreme wet) to ≤ −4.27 (extreme dry) which are used to determine 

extreme conditions of rainfall at KIA in Lilongwe. However, these extreme conditions are not favourable 

for rain-fed tropical agricultural production because extreme wetness is associated with flooding that 
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destroys plants while extreme dry conditions are associated with severe water deficits that cannot support 

maize production. 

Time Series plots for historical rainfall data from Kamuzu International Airport (KIA) 

 

The figure 3 shows the time series plot for an observed data from 1995 to 2015. 

 

Figure 3: Time series plot for the observed yearly rainfall data from 1995 to 2015 

The time series plot (figure 3) reveals that there is no cyclical component either as data does not display 

rises or falls around trend levels. As a matter of fact, the stationarity in variance and mean is a requirement 

for a time series data before an ARIMA model is fitted on the data. The method to test for stationarity is by 

computing the autocorrelation function (ACF). The autocorrelation function is generally expressed as lag 

k, to the variance. At lag k, pk denotes the ACF and is defined as follows; 

     𝑝𝑘 =
𝑦𝑘

𝑦0
 

where yk is the covariance at lag k and y0 is the variance.  

 

Therefore, figure 4 shows most of the lags in the autocorrelation function (ACF) and partial autocorrelation 

function (PACF) are significant and therefore the time series data is non-stationary (this shows that the data 

has trend and seasonality). 

 

Figure 4: autocorrelation function (ACF) and partial autocorrelation function (PACF) for the 

rainfall data 

After removing the trend and seasonality rainfall data, the plots for the ACF and PACF correlograms in 

figure 5 (a) and 5(b) resembles white nose which shows that the time series is stationary. A significant spike 

at the first lag in ACF, combined with the exponential decline as lags increase in the PACF, suggest a MA 

(1). To conform stationary de-seasonalized rainfall data, formal tests for example, Augment Dickey-Fuller 

(ADF), Phillips-Perron (PP) and Kwiatkowski-Philips- Schmidt-Shin (KPSS) can be employed.  
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The Best fitted autoregressive integrated moving average (ARIMA) Model 

 

The best fitted ARIMA model for the deseasonalised data according to R-studio, is ARIMA (1,0,1) 

(2,0,1)12. Table 1 shows the estimate results of ARIMA model chosen. The model has three auto-regressive 

components, one moving average component and an integrated of zero order. By default, step-wise 

selection is used in R for the model search. The models are selected on Akaike information criterion (AIC) 

by default (See table 1) but approximation could also be used for the models tried in the model selection 

step. 

 

Table 1: The parameter estimates of Seasonal ARIMA model (1,0,1)(2,0,1)12 

ar1 aa1  Sar1 sar2 sma1 interceptsigma2 Log 

likelihood 

   aic 

-0.380 0.313 -0.567 -0.145 0.678 69.064 2123 - 

1323.9 

2 

2661.75 

 s.e 1.689 1.7441 0.1760 0.0832 0.1696 2.7201   

  

 

Table 2: Training set error measures: 

  

 ME  RMSE MAE MPE MAPE MASE 

Training set 0.171862 46.07933 24.92925 8.089056 0.7097126 -0.005586848 

 

The ARIMA Model (1,0,1)(2,0,1)12 model is given as 

yt − yt−1 − yt−12 + yt−13 = c + ϵt + βϵt−1 + Θϵt−12 + βΘϵt−13 

yt = 69.0643 − 0.3804yt−1 + 0.3127ϵt−1 − 0.5665st−1 + −0.1449st -2 + 0.6775zt−1 + εt 

where the εt is white noise with standard deviation of √2123 = 46.08. 

To validate the model, we employed back forecast time series against the observed data and figure 6 is 

plotted. 
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Figure 6: ARIMA fitting plots 

Evidence from Figure 6 shows that the chosen ARIMA model is able to back forecast the data which 

resembles the observed data which implies that our model is validated. 

 

 Rainfall forecasting 

 

Figure 7 shows the forecast result of monthly rainfall data from the fitted ARIMA (1,0,1)(2,0,1)12 model 

from 2015 to 2027 for KIA in Lilongwe. 

 

Figure 7: Forecast rainfall results from ARIMA model for Kamuzu International Airport (KIA) 

 

Apparently, with 95% confidence limits from 2015 to December 2027 using ARIMA (1,0,1)(2,0,1)12, the forecast 

plot in figure 9, amount of rainfall in KIA in Lilongwe seems to fluctuates with time. As matter of fact, our 

simulated data agrees with the actual data. The table 3 shows the simulated rainfall data from 2016 to 2027. It also 

gives the values of rainfall deficit (RD) and rainfall excess (RE). 

 

 

 

 

Table 3: The results of seasonal amount of rainfall, RE and RD for the forecast rainfall data for 2016 

- 2027 

YEAR AMOUNT OF 

RAINFALL (mm) 

RE RD 

2016- 2017 622.662865 22.662865 - 

2017-2018 614.91452 14.91452 - 
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2018-2019 607.6956497 7.6956497 - 

2019-2020 611.613282 11.613282 - 

2020-2021 610.8775598 10.87755982 - 

2021-2022 610.3076209 10.3076209 - 

2022-2023 610.3708239 10.3708239 - 

2023-2024 610.5575683 10.5575683 - 

2024-2025 610.5107952 10.51079522 - 

2025- 2026 610.5107952 10.51079522 - 

2026-2027 610.5106307 10.5106307 - 

 

Pricing weather derivative results 

In spite of the RE or RD calculated above, the contingent claims depend on tick size chosen. The tick size 

varies based on the asset being traded. For example, in the US stock market, the tick size for stocks priced 

above 1 USD is 0.01 USD. Taušer & Cajka, (2014) presented the tick size of £1 per index point and whilst 

Xu et al (2006) used 20 USD per monthly index. In addition, Cafiero and Cioffi in 2004 at proceedings of 

the 86th EAAE seminar, presented the paper under income stabilization in agriculture and the tick size used 

was £8 per index point. However, tick size requirements are set by stock exchanges and regulatory bodies. 

Since in Malawi, we do not have set tick size for rainfall index, in this study we adopt a tick size of 20USD.  

 

However, the contingent claim (W) would determine the seller’s and buyer’s indifference price at a given 

risk aversion (γ). Utility indifference prices of the buyer and seller were simulated and assumed that the 

option has a relative risk aversion parameter of γ = 0.1 because in most cases farmers are risk averse and 

they would not be willing to take huge risks. The finding in table 4, typically, shows the price buyer would 

be willing to pay that reflects their risk aversion and expected utility from the derivative. 

 

Table 4: Utility indifference prices for the rainfall derivatives. 

Year Risk aversion Seller Buyer 

2016- 2017 0.1 453.2 453.2 

2017-2018 0.1 298.2 298.2 

2018-2019 0.1 153.9 153.9 

2019-2020 0.1 232.2 232.2 

2020-2021 0.1 217.4 217.4 

2021-2022 0.1 206 206 

2022-2023 0.1 207.4 207.4 

2023-2024 0.1 211 211 

2024-2025 0.1 210.2 210.2 

2025- 2026 0.1 210.2 210.2 

2026-2027 0.1 210.2 210.2 

 

In an incomplete market, it is generally unlikely for a seller’s indifference price to be exactly equal to the 

buyer’s indifference price. This is so because indifference prices are influenced by individual risk 

preferences and the specific risks each party faces. In an incomplete market, not all risks can be perfectly 

hedged, leading to different valuations based on each party’s risk aversion and the specific risks they are 

exposed to (Musiela & Zariphopouloua, 2004). However, under certain conditions, such as when both 

parties have similar risk preferences and face similar risks, the indifference prices could be close to each 

other (Musiela & Zariphopouloua, 2004). 
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Discussion Of Findings 

 

The results of the forecast in this study reveal the variability of rainfall at KIA using rainfall data from 1995 

to 2015. Although some authors argue that including longer weather observations, spanning 20 to 40 years, 

is more accurate as it captures more variation (Dischel, 2002), other scholars disagree. Stulec et al. (2016) 

believed that, given the pronounced climate change, a more recent weather pattern may be a better 

representation of the expected future weather, implying that a shorter weather observation would provide 

more credible information. The variations of rainfall were also observed by Kumbuyo et al. (2015), who 

studied the fluctuation of rainfall time series in Malawi, for the data source from 1981 to 2011. Their results 

showed that the annual average rainfall varies from 725mm to 2,500 mm. McSweeney et al. (2012) point 

out that the factors that affect seasonal rainfall in Malawi depend on the position of the Intertropical 

Convergence Zone (ITCZ), which can vary in its timing and intensity from year to year. 

Furthermore, Jury & Mwafulirwa (2002) add that the other main rain-bearing system for Malawi is the 

northwest monsoon, comprised of tropical Atlantic air that reaches Malawi through the Congo basin. There 

are times when the country is affected by tropical cyclones from the West Indian Ocean (Jury & 

Mwafulirwa, 2002). Since the economy of Malawi is largely dependent on agriculture, these climatic 

factors affect its economy.  Therefore, a detailed knowledge of the precipitation regime in Malawi is an 

important prerequisite for agricultural planning and economic development.  

 

It is therefore important for farmers in Malawi to protect themselves against weather shocks. The study 

considers the adoption of rainfall weather derivatives, which is a promising field of research to cope with 

weather risks in agricultural production by developing a pricing model that can be used in the agricultural 

industry.  The weather derivative market is a classical incomplete market since the weather indexes are not 

tradable assets; thus, traditional no-arbitrage pricing methods such as the Black–Scholes are not applicable 

in pricing weather derivatives (Dzupire et al., 2019). The study adopted the utility indifference pricing 

approach, where the investor’s risk preference towards the weather risks that cannot be eliminated is 

described by the exponential utility function. Reasonably, the approach takes into account price risk, 

weather risks, and all other risks in the financial capital market (Dzupire et al., 2019).  However, the model 

developed can be refined by either choosing a different utility function, such as power utility, which would 

account for a different risk preference by the investor, or a quadratic utility function. 

 

Furthermore, the World Food Program (WFP) and Malawi’s National Association of Smallholder Farmers 

(NASFAM) developed an index-based crop insurance contract, which was more efficient and cost-effective 

than traditional crop insurance. The contract could easily be distributed to individual smallholder farmers 

to increase their access to finance and to protect farmers and loan providers from weather risk.  The contract 

was designed to provide compensation when rainfall, during a crop growing cycle, was insufficient for 

farmers to grow and to optimize their yields. However, this study questions the appropriateness of the 

index-based crop insurance contract that the WFP used since the contracts only worked in the event of low 

rainfall. As such, this study proposes basket rainfall options. This option works in such a manner that the 

farmer may receive the payoff in case of low and high rainfall.  

 

Conclusions 

 

The steady state matrix from hidden Markov model (HMM) shows likelihood that rainfall pattern at 

Kamuzu International Airport (KIA) would follow the pattern of the given probabilities (0.396 0.604) 

which implies that the probability that it would rain on a particular day in future at KIA is 0.369 and the 

probability that it would be dry on a particular day is 0.604. A stochastic model for characterizing the 

properties of rainfall is proposed, where the accumulated rainfall is modelled as an ARIMA process. 

Therefore, the study used the results from ARIMA model to derive rainfall derivative prices that would 

mitigate the impending climate shocks, thereby reducing poverty and vulnerability of farmers. As such, the 

study proposes that the farmer should buy the basket options. This strategy ensures that the farmer benefits 

from any rainfall beyond or below the normal pattern and provides an effective means of managing 

weather-related risks. Furthermore, the study also recommends the sensitisation of potential investors on 

the importance of weather market in Malawi. 
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